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We theoretically investigate the phase sensitivity with parity detection on a Mach-Zehnder in-
terferometer with a coherent state combined with a photon-added squeezed vacuum state. When
the phase shift approaches zero, the squeezed vacuum state is indeed the optimal state within a
constraint on the average number of photons. However, when the phase shift to be estimated
slightly deviates from zero, the optimal state is neither the squeezed vacuum state nor the photon-
subtracted squeezed vacuum state, but the photon-added squeezed vacuum state when they carry
many photons. Finally, we show that the quantum Crame´r-Rao bound can be reached by parity
detection.
PACS number(s): 42.50.Dv,03.65.Ta
I. INTRODUCTION
Phase estimation and optimal interferometry play a
significant role for many precision measurement applica-
tions. For a Mach-Zehnder interferometer (MZI), when
only coherent light is injected into one input port of the
first beam splitter, the other input port is by default the
vacuum of light, the sensitivity of the phase estimation
is limited by the standard quantum noise limit (SNL),
i.e., ∆φ ∝ 1/
√
N¯ , where N¯ the average photon number
in the input beam [1, 2]. When using a nonclassical in-
put state, for example, a coherent light and a squeezed
vacuum light are injected into the two input ports of a
MZI, Caves [3] find that the sensitivity of phase estima-
tion below the SNL. Since then, in order to go beyond
the SNL, many highly nonclassical states are employed
to reduce the phase uncertainty [3–15], and to approach
∆φ ∝ 1/N¯ , the so-called Heisenberg limit (HL) [16, 17].
In general, the sensitivity of phase estimation within an
interferometer crucially depends on input states as well
as detection schemes. Coherent states and squeezed vac-
uum states as well as Fock states are useful for metrology
under the present experimental technology. For example,
via the analysis of the quantum Fisher information, for a
MZI with a Fock state in one input port and an arbitrary
state with the same total average photon number in the
other input, same phase uncertainties will be achieved
and can approach to the HL [18]. Following the theo-
retical work in Ref. [18], we analytically prove that the
quantum Cramer-Rao bound can be reached via the par-
ity detection in the limit ϕ→ 0 [19]. By Bayesian analy-
sis of the photon number statistics of the output state in
a MZI, Pezze´ and Smerzi show that the HL sensitivity of
phase estimation can be achieved when the coherent light
and squeezed vacuum light are mixed in roughly equal
intensities [20]. As a simple alternative to the detection
scheme of Ref.[20], parity detection for a MZI with coher-
ent and squeezed vacuum light has bee also investigated
[21]. A parity measurement simply measures the even or
odd number of photons in the output mode [22].
Recently, Lang and Caves have considered the ques-
tion: given that one input of an interferometer is entered
by coherent light, what is the best state to inject the
other input port for achieving high-sensitivity phase-shift
measurements within a constraint on the average photon
number that the state can carry? The answer, they find,
is the squeezed vacuum state (SVS) [23]. As just pointed
out in the conclusion in Ref. [23], it needs to further
investigate whether the SVS is the optimal state when
the squeezing light carries many photons, even carries as
many or more photons than the coherent input. On the
other hand, when the phase shift to be estimated slightly
deviates from zero, whether the SVS with many photons
is also the optimal state? For fixed initial squeezing pa-
rameter, Birrittella and Gerry claim that the correspond-
ing sensitivity of the phase estimation can be increased
via parity detection when the mixing of coherent states
and photon-subtracted SVS (PSSVS) as input states of
the MZI [24]. However, within a constraint on the total
average photon number, whether the PSSVS can indeed
improve the phase sensitivity?
In this work, we will answer the above questions
by investigating the interferometry performed by mix-
ing a coherent state with non-Gaussian squeezed states,
such as a photon-added SVS (PASVS) and the PSSVS.
At present, the best experimentally realized non-
Gaussian squeezed state in quantum optics is the photon-
subtracted squeezed states [25, 26], and photon subtrac-
tion can be implemented by a beam splitter with high
transmissivity [25]. For the photon addition operation,
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2Agarwal and Tara [26] first theoretically studied the non-
classical properties of a photon-added coherent state.
In 2004, the photon addition operation was successfully
demonstrated experimentally via a non-degenerate para-
metric amplifier with small coupling strength [28]. We
also compared the phase sensitivity with another quan-
tum limit, the quantum Crame´r-Rao bound [29], which
sets the ultimate limit for a set of probabilities that orig-
inated from measurements on a quantum system.
The organization of this paper is as follows. In Sec. II,
we make a brief review about both the PASVS and the
PSSVS. And then we describes the propagation of a two-
mode light, initially in the product state of PASVS and
coherent light, through the MZI. Section III focuses on
the parity detection scheme and provides the phase sen-
sitivity. We will show that for giving a constraint on the
average photon numbers of PASVS/PSSVS/SVS, almost
the same phase sensitivity will be achieved by parity de-
tection with such kinds of input states. Especially, when
the phase shift slightly deviates from zero, the optimal
state is neither the SVS nor the PSSVS, but the PASVS
when they carry many photons. In Sec. IV, we prove
that the quantum Cramer-Rao bound can be reached via
the parity detection in the limit ϕ→ 0.
II. RESULTED OUTPUT STATE OF THE
INPUT FIELDS THROUGH THE
INTERFEROMETER
Previously, Birrittella and Gerry [24] studied the
prospect of parity-based interferometry with mixing a
PSSVS and a coherent state. In contrast to that scheme,
we mainly investigate the scheme when a PASVS and a
coherent state (|z〉 with the amplitude parameter z =
|z| eθ) are considered as the input state of a MZI. For
our purposes, we first provide a brief review of both the
PASVS and the PSSVS which is a kind of non-Gaussian
squeezed vacuum states. And then, we derive the re-
sulted output state when a PASVS and a coherent state
are injected into a balanced MZI
A. Photon-added and photon-subtracted squeezed
vacuum states
The SVS is a Gaussian state, which is defined as [30]
|r〉 = S (r) |0〉 = sech1/2r exp
(
−1
2
b†2 tanh r
)
|0〉 , (1)
where S (r) = exp
[
r
(
b2 − b†2) /2] with the squeezing pa-
rameter r. By repeatedly operating the photon addition
operator b† on a SVS, one obtain the normalized PASVS
which is defined as
|r, k〉 = 1√
Nk
b†kS (r) |0〉 , (2)
where Nk is the corresponding normalization factor [31]
Nk =
∂2k
∂tk∂τk
exp
[
− sinh 2r
4
(
t2 + τ2
)
+ tτ cosh2 r
]
|t,τ=0
= k! coshk rPk (cosh r) . (3)
The average photon number of the PASVS is given by
n¯a =
〈
b†b
〉
PASVS
=
Nk+1
Nk
− 1. (4)
Different from that in Ref.[24], we adopt the expression
of the PSSVS as following
|r,−l〉 = 1√
Cl
blS (r) |0〉 , (5)
where b is the photon subtraction operator, and the nor-
malization factor is [32]
Cl =
∂2l
∂tl∂τ l
exp
[
− sinh 2r
4
(
t2 + τ2
)
+ tτ sinh2 r
]
|t,τ=0
= l! (−i sinh r)l Pl (i sinh r) . (6)
The average photon number of the PSSVS is given by
n¯s =
〈
b†b
〉
PSSVS
=
Ck+1
Ck
. (7)
Particularly, when k = l, the single-photon PASVS and
the single-photon PSSVS are the same non-Gaussian
squeezed state [33].
For the quantum metrology, the average photon num-
ber of input states is an important factor. Actually, both
photon addition and subtraction can increase the average
photon number of the state as shown in Fig. 1. Clearly,
it is always better to perform addition rather than sub-
traction in order to increase the average photon number
for given the initial squeezing. And hence, we expect that
the PASVS can offer an improved phase resolution over
both the PSSVS-coherent input state and SVS-coherent
input state for a given initial squeezing parameter of the
SVS. The fact that the photon subtraction can increase
the average photon number of the states with super-
Poissonian statistics was explained in detail very recently
by Stephen et al [34] and references involved in that. In-
deed, the distribution for the single-mode SVS, as is well
known, is super-Poissonian [35].
B. Resulted output state of the PASVS through
the interferometer
The balanced MZI considered here is mainly composed
of two 50:50 beam splitters and two phase shifters. Gen-
eraly, the first beam splitter BS1 is described by the
transformation UBS1 = exp
[−ipi (a†b+ ab†) /4] .And the
operator representation of the second beam splitter BS2
is taken as UBS2 = exp
[
ipi
(
a†b+ ab†
)
/4
]
. The operator
U (ϕ) = exp
[
iϕ
(
a†a− b†b) /2] represents the two phase
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FIG. 1. Plots of the average photon number of both the
PASVS and the PSSVS, as well as the SVS, respectively. (a).
The average photon number for a given SVS (fixed squeezing
parameter r) as a function of the number k or l; (b) The aver-
age photon number as a function of the squeezing parameter
r for some values of k and l.
shifters, the angle ϕ being the phase shift between the
two arms to be estimated. The unitary transformation
associated with such balanced MZI can be written as [14]
U (ϕ) = ei
pi
2 J1e−iϕJ3e−i
pi
2 J1 = e−iϕJ2 , (8)
where these operators consisted of two sets of Bose oper-
ator
J1 =
1
2
(
a†b+ ab†
)
, J2 =
1
2i
(
a†b− ab†) ,
J3 =
1
2
(
a†a− b†b) , (9)
are the angular momentum operators in the well-known
Schwinger representation [36]. They satisfy the commu-
tation relation [Ji, Jj ] = iijkJk (i, j, k = 1, 2, 3), and
commute with the Casimir operator J0 =
1
2
(
a†a+ b†b
)
,
i.e., [J0, Ji] = 0. Propagation of the input fields (pure
states) through these elements, the resulted output state
can be written as
|out〉MZI = e−iϕJ2 |ψ〉in . (10)
For the balanced MZI, applying the following transfor-
mation relations
e−iϕJ2a†eiϕJ2 = a† cos
ϕ
2
+ b† sin
ϕ
2
,
e−iϕJ2b†eiϕJ2 = b† cos
ϕ
2
− a† sin ϕ
2
(11)
and the relation e−iϕJ2 |0〉a |0〉b = |0〉a |0〉b, in principle,
one can obtain the explicit form of the output state the
MZI.
For the convenience of the later calculation, we rewrite
the PASVS |ψr,k〉b in the basis of the coherent state as
follows
|ψr,k〉b =
sech1/2r√
Nk
dk
dgk
∫
d2α
pi
e−
|α|2
2 +gα
∗− tanh r2 α∗2 |α〉 |g=0,
(12)
where |α〉 = exp
[
− |α|2 /2 + αb†
]
|0〉 is a coherent state.
When the product state |ψ〉in = |z〉a ⊗ |ψr,k〉b is injected
into the MZI, the resulted output state can be written as
|ψ〉out =
sech1/2r√
Nk
dk
dgk
∫
d2α
pi
e−
|z|2
2 −|α|2+gα∗− tanh r2 α∗2
e(α sin
ϕ
2 +z cos
ϕ
2 )a
†+(α cos ϕ2−z sin ϕ2 )b† |0, 0〉 |g=0,(13)
which is the state of light at the output of the MZI. In
the following section, we shall mainly present parity mea-
surement scheme with calculations of the expected value
of the parity operator and the corresponding phase sen-
sitivity.
III. PHASE ESTIMATION WITH PARITY
DETECTION
There are several detection methods for extracting
phase information from the output states of the MZI,
e.g., intensity detection, homodyne detection, and parity
detection [22]. Parity detection simply measures the even
or odd number of photons in the output mode. In addi-
tion, as shown in Ref. [21], the parity detection saturates
the quantum Crame´r-Rao bound and in turn provides the
HL phase sensitivity when the SVS-coherent state are
mixed in equal proportions. In experiments, the parity
detection using a photon-number resolving detector with
coherent states [37] has also been demonstrated. Here,
we use the parity detection too.
A. The parity detection with the PASVS-coherent
state
For the detailed discussion of the parity detec-
tion in quantum optimal metrology, one can review
that in Ref.[22]. Actually, the parity detection is
to obtain the expectation value of the parity op-
erator in the output state of the MZI. In order
to calculate conveniently, using the operator identity
4exp
(
λa†a
)
=: exp
[(
eλ − 1) a†a] : , we rewrite the par-
ity operator as follows
Πb = (−1)b
†b
= eipib
†b =: e−2b
†b : =
∫
d2γ
pi
|γ〉 〈−γ| ,
(14)
where |γ〉 is a coherent state, and : : denotes the nor-
mally ordered form of Bose operators. Here, we consider
performing parity detection on just one of the output
modes, for instance, the b mode. The parity operator on
an output mode b is described by ΠB = (−1)b
†b
, then
the expectation value of the parity operator is
〈Πb (ϕ)〉 =out 〈ψ|
∫
d2γ
pi
|γ〉 〈−γ| |ψ〉out . (15)
Now, we consider the corresponding the expectation
value of the parity operator in the output state when
the PASVS-coherent state is injected into the MZI. Then
substituting Eqs. (13) and (14) into Eq. (15), and ap-
plying the integral formula∫
d2z
pi
eζ|z|
2+ξz+ηz∗+fz2+gz∗2 =
1√
ζ2 − 4fg e
−ζξη+ξ2g+η2f
ζ2−4fg
(16)
whose convergent condition is Re(ξ ± f ± g) < 0 and
Re
(
ζ2−4fg
ξ±f±g
)
< 0, after directly calculation, we obtain
〈Πb (ϕ)〉PA =
〈Πb (ϕ)〉0
Nk
∂2k
∂hk∂gk
exp
[
− cosh
2 r cosϕ
1 + sin2 ϕ sinh2 r
gh
+
4z cosh2 r sinϕ+ z∗ sinh 2r sin 2ϕ
4
(
1 + sin2 ϕ sinh2 r
) h
+
4z∗ cosh2 r sinϕ+ z sinh 2r sin 2ϕ
4
(
1 + sin2 ϕ sinh2 r
) g
− sinh 2r cos
2 ϕ
4
(
1 + sinh2 r sin2 ϕ
) (h2 + g2)] |h=g=0,(17)
where 〈Πb〉0 is the corresponding expectation value of
the parity operator for the input state with SVS-coherent
state [21],
〈Πb (ϕ)〉0 =
e
2(cosϕ−1−sinh2 r sin2 ϕ)|z|2−sinh 2r sin2 ϕRe(z2)
2(1+sinh2 r sin2 ϕ)√
1 + sinh2 r sin2 ϕ
.
(18)
Because the goal of the interferometry is to estimate
very small phase changes in quantum metrology, it may
be interesting to expand Eq. (17) in the Taylor series
around ϕ = 0. To write out the explicit Taylor expansion
of Eq. (17) for general k in the limit ϕ→ 0 is a difficult
task. However, for small k, the explicit Taylor expansions
can be accessible. When k = 0, the Taylor expansions of
〈Πb (ϕ)〉0 is
〈Πb (ϕ→ 0)〉0
=
[
1− n¯z cos θ
√
n¯2a + n¯a + 1ϕ
2
−2n¯zn¯a + n¯z + n¯a
2
ϕ2 +O
(
ϕ4
)]
, (19)
where n¯z = |z|2 (z = |z| eiθ) the average photon num-
ber of the coherent state, n¯a = (Nk+1/Nk − 1) |k=0 =
sinh2 r the average photon number of the SVS. While
k = 1, 2, we can derive the analytical Taylor expansions
of 〈Πb (ϕ)〉PA as well, i.e.,
〈Πb (ϕ→ 0)〉PA |k=1
= (−1)
[
1− n¯z cos θ
√
n¯2a + n¯a − 2ϕ2
−2n¯zn¯a + n¯z + n¯a
2
ϕ2 +O
(
ϕ4
)]
, (20)
and
〈Πb (ϕ→ 0)〉PA |k=2
=
1− n¯z cos θ
√√√√n¯2a + n¯a − 8 (√1 + 12n¯a + 1)2
3
(√
1 + 12n¯a − 1
)2ϕ2
−2n¯zn¯a + n¯z + n¯a
2
ϕ2 +O
(
ϕ4
)]
, (21)
where n¯a = Nk+1/Nk − 1 the average photon number
of the PASVS. In order to obtain the good phase uncer-
tainty, in the following we set θ = 0 (the phase of the
coherent state) [21]. These analytical Taylor expansions
of 〈Πb (ϕ)〉PA mentioned above is useful for the following
discussions about the parity detection.
Different from that calculation method in Ref.[24], for
the normalized PSSVS, using our method, we can also
obtain the corresponding expectation value of the parity
operator for the input state with PSSVS-coherent states
〈Πb (ϕ)〉PS =
〈Πb (ϕ)〉0
Cl
∂2l
∂hl∂gl
exp
[
− sinh
2 r cosϕ
1 + sin2 ϕ sinh2 r
gh
−z sinh
2 r sin 2ϕ+ z∗ sinh 2r sinϕ
2
(
1 + sin2 ϕ sinh2 r
) g
−z
∗ sinh2 r sin 2ϕ+ z sinh 2r sinϕ
2
(
1 + sin2 ϕ sinh2 r
) h
− sinh r cosh r
2
(
1 + sin2 ϕ sinh2 r
) (h2 + g2)] |h=g=0,(22)
Although Eq. (22) is different from Eq. (16) in Ref.[24],
one can prove that two results are completely identical by
numerical method. In addition, when k = l = 1, one can
obtain 〈Πb (ϕ)〉PS |l=1 = 〈Πb (ϕ)〉PA |k=1, this is because
5one photon-subtracted SVS is identical to one photon-
added SVS [33]. When l = 2, the Taylor expansion of
〈Πb (ϕ)〉PS in the limit ϕ→ 0 is
〈Πb (ϕ)〉PS |l=2
=
1− n¯z cos θ
√√√√n¯2s + n¯s − 8 (√1 + 12n¯s − 1)2
3
(√
1 + 12n¯s + 1
)2ϕ2
−2n¯zn¯s + n¯z + n¯s
2
ϕ2 +O
(
ϕ4
)]
(23)
where n¯s = Cl+1/Cl the average photon number of the
PSSVS.
By Eqs. (17) and (22), we can investigate the expecta-
tion value of the parity operator as function of the phase
shift ϕ. Given r = 0.3 and z = 2, in Fig. 2(a) we
draft this expectation value against ϕ for k = 0, 1, 2, 3
and l = 0, 1, 2, 3. One can see that, for the central peak
or trough of the 〈Πb (ϕ)〉, the narrowness of the max-
ima or minima at ϕ = 0 increases as k and l increase.
In addition, we see that the central peak or trough of
the 〈Πb〉PA of the PASVS-coherent input states is nar-
rower than that of the PSSVS-coherent input states when
k = l > 1.This result indicates that the photon addition
can enhance supper-resolution better than photon sub-
traction for given initial coherent state amplitude and
squeezing parameters. However, if given the same aver-
age photon number (n¯a = n¯s) of both the PASVS and
the PSSVS, the distributions of these central peaks or
troughs of the 〈Πb (ϕ)〉 near ϕ = 0 are almost identical
as shown in Fig. 2(b), which is also consistent with Eqs.
(19-21) and (23).
B. Phase sensitivity via the error propagation
method
The phase uncertainty ∆ϕ is the main aspect of quan-
tum optimal interferometry. The smallest phase uncer-
tainty ∆ϕ is the characteristic of the most sensitive mea-
sure. The smaller the value of ∆Πb is, the higher the
phase sensitivity is. From the error propagation method,
the phase uncertainty ∆ϕ of an interferometer can be
determined as
∆ϕ =
√
1− 〈Πb (ϕ)〉2
|∂ 〈Πb (ϕ)〉 /∂ϕ| (24)
where we have used ∆Πb =
√
〈Π2b (ϕ)〉 − 〈Πb (ϕ)〉2 and
the fact that
〈
Π2b (ϕ)
〉
= 1. The phase sensitivity with
parity detection for the interferometry with PASVS-
coherent state is found to be best at ϕ = 0. Although it
is difficult to write out the general explicit form of Eq.
(24) when the PASVS-coherent state with the general
value of k is considered as an interferometer state, based
on Eqs. (19-21), the explicitly forms of ∆ϕ for small k in
the limit of ϕ → 0 can be easily obtained. For example,
k=0
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FIG. 2. The expectation value of the parity operator versus
the phase shift ϕ for different PASVS-coherent and PSSVS-
coherent input states of the MZI, respectively.
according to Eq. (19), the explicit form of Eq. (24) in
the case of ϕ→ 0 can be directly obtained [21],
(∆ϕ)PA |k=0 =
1√
2n¯z
√
n¯2a + n¯a + 1 + 2n¯zn¯a + n¯z + n¯a
,
(25)
where they have set θ = 0 (the phase of the coherent
state) in order to obtain the good phase uncertainty. In
addition, based on our Eqs. (20) and (21), we can also
obtain the explicit form of Eq. (24) for k = 1, 2, respec-
tively,
(∆ϕ)PA |k=1 =
1√
2n¯z
√
n¯2a + n¯a − 2 + 2n¯zn¯a + n¯z + n¯a
,
(26)
and
(∆ϕ)PA |k=2
=
1√
2n¯z
√
n¯2a + n¯a −
8(
√
1+12n¯a+1)
2
3(
√
1+12n¯a−1)2
+ 2n¯zn¯a + n¯z + n¯a
.(27)
6For the item
8(
√
1+12n¯a+1)
2
3(
√
1+12n¯a−1) in Eq. (27), one can easily
obtain
8(
√
1+12n¯a+1)
2
3(
√
1+12n¯a−1) |k=2 =
24 cosh4 r
(3 cosh2 r−1)2 , and prove that
the inequality 83 ≤
8(
√
1+12n¯a+1)
2
3(
√
1+12n¯a−1)2
≤ 6 for any values of
the squeezing parameter r is satisfied. On the other hand,
when the PSSVS-coherent state with l = 2 is considered
as the interferometer state, according to Eq. (23), we
obtain the corresponding phase uncertainty in the case
of ϕ→ 0 as
(∆ϕ)PS |l=2
=
1√
2n¯z
√
n¯2s + n¯s −
8(
√
1+12n¯s−1)2
3(
√
1+12n¯s+1)
2 + 2n¯zn¯s + n¯z + n¯s
(28)
where we have set θ = 0 as well. For the item
8(
√
1+12n¯s−1)2
3(
√
1+12n¯s+1)
2 |l=2 = 24 sinh4 r(3 sinh2 r+1)2 in Eq. (28), one can
easily prove that the inequality 0 ≤ 24 sinh4 r(3 sinh2 r+
1)−2 ≤ 83 is satisfied.
Obviously, Eqs. (25-28) indicate that, within con-
straints on the total average photon number (N¯ = n¯a+n¯z
or N¯ = n¯s + n¯z) and the same ratios of n¯a/n¯z or n¯s/n¯z,
the best phase uncertainty is obtained by the SVS when
one input port of a MZI is injected by a coherent state.
When k = l = 0, both PASVS and PSSVS reduce to a
SVS. Therefore, our results obtained via parity detection
indeed support Lang and Caves’s work that the SVS is
the optimal state for a MZI in the limit of ϕ → 0 when
one input is a coherent state [23]. On the other hand,
given a larger value of the same average photon numbers
of the PASVS, the PSSVS and the SVS, we can also see
from Eqs. (25-28) that the difference among these cor-
responding phase uncertainties is very small. With the
increases of the values of the k and l, we can numeri-
cally prove such conclusion is still true. As pointed in
Refs. [20, 23], we can also prove that, in the case of the
n¯a = n¯z (or n¯s = n¯z ), the best phase sensitivity will be
obtained and reach the HL.
However, when the phase shift ϕ to be estimated
slightly deviates from zero, the SVS with many pho-
tons may be not the optimal state for a MZI. Firstly,
we investigate how the phase uncertainty varies with ϕ.
Based on Eq. (24), we plot the phase uncertainty as
a function of the phase shift ϕ in Fig. 3. Fig. 3(a)
shows that, given somewhat small average photon num-
bers n¯a = n¯s = n¯z = 4, the MZI with one input port
injected by a coherent state, the SVS state is the opti-
mal state for such MZI. Yet, interferometry with coher-
ent states contained a few average number of photons is
meaningless since such a measurement cannot be precise
in principle. Moreover as pointed in the conclusion part
in Ref. [23], it may interesting to explore how the phase
sensitivity changes when the SVS carry many photons.
Thus, with the increases of the value of n¯a (or n¯s) and
n¯z, we can see from Fig. 3(b) that the differences among
these corresponding phase uncertainties are indeed very
small in the limit of ϕ → 0. While the phase shift ϕ
deviates from zero, the optimal state is neither the SVS
nor the PSSVS, but the PASVS as shown in Fig. 3(b).
On the other hand, for a given initial squeezing param-
eter r or given the same ratio of n¯a/n¯z (and n¯s/n¯z) of
the two input ports of the MZI, the PASVS has also the
better performance in quantum precision measurement
than both the PSSVS and the SVS when the phase shift
ϕ slightly deviates from zero as shown in Fig. 4.
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FIG. 3. The phase uncertainty ∆ϕ as a function of the phase
shift ϕ when the PASVS-coherent state, the PSSVS-coherent
state and the SVS-coherent state as interferometer states, re-
spectively. (a) n¯a = n¯s = n¯z = 4; (b) n¯a = n¯s = n¯z = 16.
The horizontal dashed line denotes the HL limit.
Secondly, for given a constraint on the total average
photon number of the PASVS, the PSSVS and the SVS,
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FIG. 4. The phase uncertainty ∆ϕ as a function of the phase
shift ϕ when the PASVS-coherent state, the PSSVS-coherent
state and the SVS-coherent state as interferometer states. (a)
r = 0.9, n¯z = 100; (b) n¯a = n¯s = 16, n¯z = 100.
it is important to investigate how the phase sensitivi-
ties change with the total average photon number. In
Fig. 5, for the PASVS (k = 0, 1, 2, 3, 6) and the PSSVS
(l = 0, 1, 2, 3, 6), we give some same values of both n¯a
and n¯s and plot the phase sensitivities versus the total
number of photons N¯ . Obviously, from Fig. 5 we can
see that almost the same phase uncertainties can be ob-
tained in the limit of ϕ → 0. In addition, when the
values of both n¯a and n¯s increase, these phase uncertain-
ties more quickly approach to the HL. Of course, when
n¯a = n¯z (or n¯s = n¯z), the optimal phase uncertainties
will be obtained. In Fig. 6, we repeat these graphs for
ϕ = 0.015. In the latter case especially, we see that the
optimal state is the PASVS. When n¯a and n¯s increase,
the phase uncertainties blow up due to the periodic na-
ture of the expectation value of the parity operator, but
there are other photon numbers where the uncertainty is
still below the SNL for both the PASVS and the PSSVS.
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FIG. 5. Plots of the phase uncertainty versus total average
photon at ϕ = 10−4 for fixed the average photon number of
the PASVS and the PSSVS, as well as the SVS, along with
the corresponding curves for the SNL and the HL limits. Only
the parameter is being changed.
Finally, we further investigate how the photon addi-
tion and subtraction affect the phase sensitivity for a
given initial squeezing parameter of the SVS. Compar-
ing with that results in Ref. [24], we find that, for the
same initial squeezing parameter r, it is also better to
perform photon addition rather than photon subtraction
8in respect to reducing the phase uncertainty. This is be-
cause that it is always better to perform photon addition
rather than photon subtraction in order to increase the
average photon number for given the initial squeezing as
shown in Fig. 1.
IV. QUANTUM FISHER INFORMATION OF
THE MZI INTERFEROMETER
In this section, we will prove that the parity detection
is the optimal measurement for our considered interfero-
metric scheme. Now, we use the quantum Fisher infor-
mation to find the maximum level of the phase sensitivity
by the Crame´r–Rao bound as given by [17]
∆ϕmin =
1√
FQ
, (29)
For pure states injected into a MZI, the quantum Fisher
information FQ can be obtained by [38]
FQ = 4
[
〈ψ′ (ϕ)| ψ′ (ϕ)〉 − |〈ψ′ (ϕ)| ψ (ϕ)〉|2
]
, (30)
where |ψ (ϕ)〉 = e−iϕJ3e−ipiJ1/2 |ψ〉in is the state just be-
fore the second beam splitter of the MZI, and |ψ′ (ϕ)〉 =
∂ |ψ (ϕ)〉 /∂ϕ. In terms of the input state, the quantum
Fisher information becomes
FQ = 4
[
〈in| J22 |in〉 − |〈in| J2 |in〉|2
]
, (31)
and thus the quantum Fisher information is, up to factor
of 4, the variance of the operator J2.
In the present work, the PASVS-coherent state as the
interferometer state. In order to obtain the quantum
Fisher information, based on Eqs. (2) and (3), we first
obtain the following expectation values, i.e., 〈b〉PASVS =〈
b†
〉
PASVS
= 0, and
Nk+2,k ≡
〈
b2
〉
PASVS
=
∂2k+2
∂tk+2∂τk
e−
sinh 2r
4 (t
2+τ2)+tτ cosh2 r|t,τ=0,(32)
as well as
Nk,k+2 ≡
〈
b†2
〉
PASVS
=
∂2k+2
∂tk∂τk+2
e−
sinh 2r
4 (t
2+τ2)+tτ cosh2 r|t,τ=0.(33)
Then, according to Eqs. (9) and (31), we can directly
obtain the Quantum Fisher information of the MZI as
FQA = 2n¯zn¯a + n¯z + n¯a − 2n¯zNk+2,k
Nk
, (34)
where we have also set θ = 0 (the phase of the coherent
state) for obtaining the good phase uncertainty and used
the relation Nk+2,k = Nk,k+2. For k = 0, 1, 2, combining
Eqs. (25-28) and Eq. (34), we can analytically prove
that the quantum Crame´r-Rao bound can be reached via
the parity detection in the limit ϕ → 0. For general k,
we can numerically prove this is still true.
Using the similar method, we derive the quantum
Fisher information for the PSSVS-coherent interferom-
eter state
FQS = 2n¯zn¯s + n¯z + n¯s − 2n¯zCl+2,l
Cl
, (35)
where
Cl+2,l ≡
〈
b2
〉
PSSVS
=
∂2k+2
∂tk+2∂τgk
e−
sinh 2r
4 (t
2+τ2)+tτ sinh2 r|t,τ=0,
Cl,l+2 ≡
〈
b†2
〉
PSSVS
=
∂2k+2
∂tk∂τk+2
e−
sinh 2r
4 (t
2+τ2)+tτ sinh2 r|t,τ=0, (36)
and we have used the relation Cl+2,l = Cl,l+2. Similarly,
we can check that the quantum Crame´r-Rao bound can
be reached via the parity detection in the limit ϕ → 0
for the PSSVS-coherent considered as the interferometer
state.
V. CONCLUSIONS
In summary, we have studied the quantum optimal
interference by mixing a coherent state with a PASVS.
Given a constraint on the total average number of pho-
tons and in the limit of ϕ → 0, for a MZI with PASVS-
coherent and PSSVS-coherent as well as SVS-coherent
input states, almost the same phase uncertainties can be
obtained. However, when the phase shift ϕ somewhat
deviates from zero, the optimal state is neither the SVS
nor the PSSVS, but the PASVS when these three states
contain many photons. On the other hand, for fixed the
initial squeezing r, it is better to perform photon addition
rather than photon subtraction for improving the phase
sensitivity of the MZI. This may be because that it is
always better to perform addition rather than subtrac-
tion in order to increase the average photon number of
the SVS for given the initial squeezing. Finally, we show
that the quantum Crame´r-Rao bound can be reached via
the parity detection in the limit ϕ→ 0.
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FIG. 6. Plots of the phase uncertainty versus the total average
photon at ϕ = 0.015 for fixed the average photon number
of the PASVS and the PSSVS, as well as the SVS, along
with the corresponding curves for the SNL and the HL limits.
The thick red line represents the PASVS(or PSSVS)-coherent
state with k = l = 1; the orange line represents the PASVS-
coherent state with k = 2; the orange dashed line denotes
the PASVS-coherent state with k = 3; the orange dotted-
dashed line denotes k = 6. While, the blue line represents
the PSSVS-coherent state with l = 2; the blue dashed line
represents l = 3; the blue dotted-dashed line denotes l = 6.
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FIG. 7. For r = 0.9, plots of the phase uncertainty versus
the total average photon number at ϕ = 10−4, along with the
corresponding curves for the SNL and HL limits. Only the
parameter is being changed.
